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 4A pair of quasi-definite moment functionals u , u is a generalized coherent0 1
 Ž .4  Ž .4pair if monic orthogonal polynomials P x and R x relative to u andn n0 n n0 0
u , respectively, satisfy a relation1
1  n n1  R x  P x  P x  P x , n 2,Ž . Ž . Ž . Ž .n n1 n n1n 1 n n 1
 4where  and  are arbitrary constants, which may be zero. If u , u is an n 0 1
generalized coherent pair, then u and u must be semiclassical. We find condi-0 1
tions under which either u or u is classical. In such a case, we also determine the0 1
types of the ‘‘companion’’ moment functionals. Also some illustrating examples and
two ways of generating generalized coherent pairs are given. We also discuss the
corresponding Sobolev orthogonal polynomials.  2001 Academic Press
Key Words: generalized coherent pairs; orthogonal polynomials; Sobolev orthog-
onal polynomials.
1. INTRODUCTION
Concerning the problem of evaluating the Fourier coefficients in the
Fourier expansion of functions by polynomials orthogonal with respect to a
Sobolev inner product
 
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Ž .where d and d are positive Borel measures with finite moments ,0 1
 Iserles et al. 9 introduced the concept of coherency and symmetric
 4 Ž .coherency: d , d is coherent resp., symmetrically coherent if there0 1
Ž . Ž .are constants a  0 n 1 resp., and d , d are symmetric suchn 0 1
  4 Ž . Ž   .that a P  a P a  1 resp., a P  a P is or-n1 n1 n n n0 0 n1 n1 n1 n1
Ž .  Ž .4thogonal with respect to d x . Here, P x are the monic orthogo-1 n n0
 Ž .4nal polynomials with respect to d . Let R x be the monic orthogo-0 n n0
 4 Žnal polynomials with respect to d . Then d , d is coherent resp.,1 0 1
. Žsymmetrically coherent if and only if there are constants   0 resp.n
.  0 such thatn
1 n R x  P x  P x , n 1Ž . Ž . Ž .n n1 nn 1 n
1 n1 resp., R x  P x  P x , n 2 .Ž . Ž . Ž .n n1 n1ž /n 1 n 1
  After the work by Iserles et al. 9 , there have been many works 4,
1821, 2427 on coherency from different points of view even allowing
d and d to be signed or even complex valued measures. In particular,0 1
 de Bruin and Meijer 4 introduced the concept of generalized coherent
 4pair: a pair of positive Borel measures d , d with finite moments is a0 1
generalized coherent pair if there are constants B and C such thatn n
C 	 0 andn
1
  R x  P x  B P x  C P x , n 1Ž . Ž . Ž . Ž .n n1 n n n n1n 1
and studied some properties of the zeros of the corresponding Sobolev
orthogonal polynomials. We will call such a kind of generalized coherent
pairs a 3-term coherent pair taking into account that 3 terms are involved
in the right hand side.
In this work, we will study the generalized coherency in a more general
setting by using the formal approach to orthogonality via moment func-
 tionals as was done in 20, 21 for usual coherency.
In Section 2, we collect basic definitions, notations, and lemmas that we
will use later. In Section 3, we analyze the semiclassical character of
 4 Ž .generalized coherent pairs u , u see Definition 3.1 following ideas in0 1
 24 . In Section 4, we characterize the types of ‘‘companion’’ moment
functionals when either u or u is classical and give ways of generating0 1
generalized coherent pairs together with some examples.
In Section 5, we consider Sobolev orthogonal polynomials relative to
Ž . Ž . 	, 	 in 1.1 and give an efficient way of computing SobolevFourier
 4coefficients when d , d is a generalized coherent pair, which extends0 1
 the result in 9 .
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2. PRELIMINARIES
Let P be the linear space of all polynomials in one variable with
Ž .complex coefficients. We denote the degree of a polynomial P x by
Ž . Ž . Ž .deg P with the convention that deg 0 1. A polynomial system PS is
 Ž .4 Ž .a sequence of polynomials P x with deg P  n, n 0.n n0 n
A linear functional u on P is said to be a moment functional and we
Ž . ² :denote its action on a polynomial  x by u,  . We say that a moment
Ž .functional u is quasi-definite positive-definite, respectively if its moments
² n:a  u, x , n 0, satisfy the Hamburger conditionn
n 
 u  det a  0 
 u  0, respectively , n 0.Ž . Ž .Ž .n ij ni , j0
 Ž .4DEFINITION 2.1. A PS P x is called an orthogonal polynomialn n0
Ž .system OPS if there is a moment functional u such that
² :u , P P  p  , m , n 0,m n n m n
 Ž .4where p are non-zero constants. In this case, we call P x an OPSn n n0
 Ž .4relative to u and u an orthogonalizing moment functional of P x . An n0
moment functional u is quasi-definite if and only if there is an OPS
 Ž .4 Ž  . Ž .P x relative to u see 6 . Moreover, in this case, each P x isn n0 n
uniquely determined up to a non-zero constant factor.
Ž .For a moment functional u, a polynomial  x , and a constant c, we
Ž .1define moment functionals u, u, and x c u by
² : ² :u, p  u , p ;
² : ² :u , p  u , p ;
p x  p cŽ . Ž .1x c u , p  u , , p
P.² :Ž . ¦ ;x c
 Ž .4  Ž .4  4For a PS P x the dual basis of P x is the sequence u ofn n0 n n0 n n0
moment functionals defined by the relation
² :u , P   , m and n 0.m n m n
In particular, u is said to be the canonical moment functional of0
 Ž .4  Ž .4 Ž .  Ž .4P x . If P x is a monic OPS MOPS , then P x must ben n0 n n0 n n0
orthogonal relative to u and0
P xŽ .n
u  u , n 0.n 0pn
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 DEFINITION 2.2 22 . A quasi-definite moment functional u is said to be
semiclassical if u satisfies a Pearson-type functional equation
u   u , 2.1Ž . Ž .
Ž . Ž . Ž . Ž .for some polynomials  x and  x with ,   0, 0 . Then quasi-
Ž . Ž .definiteness of u implies deg   0 and deg   1.
For a semiclassical moment functional u, we introduce
smin max deg   2, deg   1 4Ž . Ž .Ž .
the class number of u, where the minimum is taken over all pairs
Ž . Ž . Ž . Ž  .,   0, 0 of polynomials satisfying 2.1 . Note that see 22 if u is a
semiclassical moment functional of class s satisfying
˜u   u and u   uŽ . Ž .˜
Ž Ž . Ž . .and if smax deg   2, deg   1 , then  divides . In particular, a˜
semiclassical moment functional of class 0 is called a classical moment
functional.
Classical moment functionals can be characterized in many other ways.
 Ž .4For an MOPS P x relative to u, the following statements are alln n0
equivalent:
Ž .  Ž .4 Ž .i P x is a classical OPS, that is, u   u for somen n0
Ž . Ž .polynomial  and  with 0	 deg  	 2 and deg   1;
1  Ž . Ž  .  Ž . 4ii Hahn 8 Q x  P is also an MOPS. Thenn n1 n0n 1
 Ž .4Q x is orthogonal relative to u u satisfying˜n n0
u    u; 2.2Ž . Ž . Ž .˜ ˜
Ž . Ž  . Ž .iii Bochner 2 . There are polynomials  and  with 0	 deg 
Ž .	 2 and deg   1 such that
1
  x P x   x P x  n n 1  x  n  x P x ,Ž . Ž . Ž . Ž . Ž . Ž . Ž . Ž .n n nž /2
n 0; 2.3Ž .
Ž . Ž  .iv Marcellan et al. 16 . There are constants r and s such that´ n n
P x Q x  r Q x  s Q x , n 2,Ž . Ž . Ž . Ž .n n n n1 n n2
1 Ž . Ž .where Q x  P x , n 0.n n1n 1
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It is well known that there are essentially four distinct classical OPSs, up
 to a linear change of variable 2, 14 :
Ž .  4 Ž . Ž .i Hermite polynomials H :  x  1,  x 2 x;n n0
Ž .  Ž .4 Ž . Ž .ii Laguerre polynomials L :  x  x,  x x  1n n0
Ž  4. 1,2, . . . ;
Ž .  Ž .4 Ž . 2 Ž . Ž .iii Bessel polynomials B :  x  x ,  x   2 x 2n n0
Ž  4. 2,3, . . . ;
Ž .  Ž ,  .4 Ž . 2 Ž .iv Jacobi polynomials P :  x  1 x ,  x   n n0
Ž . Ž  4.   2 x  ,  ,   1 1,2, . . . .
We denote by u , uŽ ., uŽ ., and uŽ ,  . the orthogonalizing momentH L B J
functionals for Hermite, Laguerre, Bessel, and Jacobi polynomials as
above.
 Ž .4For an MOPS P x relative to u and complex numbers  and c,n n0
  Ž .4  Ž1.Ž .4  Ž .4let P  ; x , P x , and P c; x be the monic kerneln n0 n n0 n n0
Žpolynomials, the monic numerator polynomials also called the associated
Ž  ..polynomials of first kind see 6 , and the monic co-recursive polynomials
 Ž .4of P x , respectively. Thenn n0
2 n² :u , P P x P Ž . Ž .n k k  P  ; x  , n 0 6 ;Ž . Ýn 2² :P  u , PŽ .n kk0
² 2:P  u , PŽ .n1 n   P x  P  ; x  P  ; x , n 1 12 ;Ž . Ž . Ž .n n n12² :P  u , PŽ .n n1
2.4Ž .
Ž1.  P c ; x  P x  cP x , n 1 5 . 2.5Ž . Ž . Ž . Ž .n n n1
Ž  It is well known see 6, Theorem 7.1, p. 36 that for a quasi-definite
 Ž .4moment functional u with MOPS P x and a complex number  ,n n0
Ž . Ž .x  u is also quasi-definite if and only if P   0, n 1, and thenn
Ž .   Ž .4 Ž the MOPS relative to x  u is P  ; x . Moreover see 12,n n0
. Ž . Ž .Theorem 3.6 , if u is semiclassical of class s satisfying 2.1 , then x  u
is also semiclassical of class
s 1 if       0Ž . Ž .s if    0 and    0Ž . Ž .s 1 if    0.Ž .
Ž .Conversely if x  u is semiclassical of class s, then u is semiclassical of
class s 1 or s or s 1.
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 Ž .4  Ž .4PROPOSITION 2.3. Let P x and Q x be the MOPSs relatien n0 n n0
 Ž .4   Ž .4to u and  , respectiely. Then Q x  P  ; x for some complexn n0 n n0
Ž .number  if and only if there are complex numbers  n 1 such thatn
  0 and1
P x Q x   Q x , n 0 Q x  0,  arbitrary .Ž . Ž . Ž . Ž .Ž .n n n n1 1 0
Ž Ž .. Ž . Ž .In this case   0, n 1 cf. 2.4 , P   0, n 1, and x  u .n n
Ž . Ž . ŽMoreoer, if u resp.  is positie-definite and  is real, then Q x resp.n
Ž .. Ž .P x , n 1, has n real simple zeros, which interlace with the zeros of P xn n
Ž . Ž Ž . Ž ..and P x resp. Q x and Q x .n1 n n1
Proof. See 12, Theorem 3.2, Theorem 3.3, and Theorem 3.4.
Ž  In Proposition 2.3, we have see Theorem 2 in 20 or Theorem 4.2 in
 .12
c˜1 ˜    b2 11
and
² 2:P  u , P Q c ; Ž . Ž .n1 n n
    0, n 1, 2.6Ž .n 2² :P  Q c ; u , PŽ . Ž .n n1n1
˜Ž . Ž . Ž . Ž . Ž .where Q x  x b Q x  c Q x and c   Q 0 .˜2 1 1 1 0 1 1
Ž .LEMMA 2.4. Let u and  be moment functionals and a, b a b complex
numbers. Then
Ž . Ž . Ž .1 ² : Ž .i x a u if and only if u x a   u, 1  x a ;
Ž . Ž .Ž . Ž .1Ž .1ii x a x b u if and only if u x a x b 
1 ² : Ž . ² : Ž . Ž . Ž .: u, x b  x a  u, x a  x b , where  x a , p xa b
Ž . p a for eery p
P.
Ž . Ž .2 Ž .2 ² : Ž .iii x a u if and only if u x a   u, 1  x a 
² : Ž .u, x a   x a .
Ž . Ž .Proof. i Assume x a u . Then
n n1x a   u , 1  x a , x a  u , x a , n 0² :² ² : :Ž . Ž . Ž . Ž .
Ž .1 ² : Ž . Ž .so that u x a   u, 1  x a . The converse is trivial. Now ii
Ž . Ž .and iii follow by repeated applications of i .
LEMMA 2.5. Let  be a quasi-definite moment functional with MOPS
 Ž .4 ŽQ x , and a,  complex numbers. Then the moment functional u xn n0
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.1 Ž .    a x  is quasi-definite if and only if
² : Ž1.aQ    , 1 Q   0, n 0.Ž . Ž .n n1
  Ž .  Proof. See Theorem 1.1 in 23 and 4.12 in 12 .
LEMMA 2.6. Let u be a quasi-definite moment functional with MOPS
 Ž .4 ² : Ž .P x . Then for another moment functional  ,  , P  0, n k  0 ,n n0 n
² : Ž . Ž .and  , P  0 if and only if    x u for some polynomial  x ofk k k
degree k.
 Proof. See Lemma 2.2 in 13 .
3. GENERALIZED COHERENT PAIRS
Let u and u be two quasi-definite moment functionals with corre-0 1
 Ž .4  Ž .4sponding MOPSs P x and R x , respectively, satisfying three-n n0 n n0
term recurrence relations
² 2:P  x b P  c P , n 0 and u , P  p , n 0;Ž .n1 n n n n1 0 n n
3.1Ž .
² 2:R  x  R   R , n 0 and u , R  r , n 0,Ž .n1 n n n n1 1 n n
3.2Ž .
where c  0 and   0.n n
 4DEFINITION 3.1. u , u is a generalized coherent pair if there exist0 1
 4  4complex numbers  and  such thatn n1 n n1
R Q   Q   Q , n 0, 3.3Ž .n n n n1 n1 n2
1 where Q Q  0, Q  P , n 0, and       0.1 2 n n1 0 1 0n 1
ŽIn particular, if   0 for some n 1 and   0, n 1 resp.   0n n n
.  4 Ž .for some n 1 , then we call u , u a 2-term resp. 3-term coherent0 1
pair.
Ž . Ž .In these cases, we call u resp. u a ‘‘companion’’ of u resp. u .1 0 0 1
   4Following 9 , we also call u , u a coherent pair if   0 and   0,0 1 n n
n 1 and a symmetrically coherent pair if u and u are symmetric and0 1
   4  0,   0, n 1. Iserles et al. 9 proved that u , u is a coherentn n 0 1
pair if and only if there are non-zero complex numbers a , n 1, suchn
that
²  :a a u , P P m and n 1Ž .m n 1 m n
GENERALIZED COHERENT PAIRS 489
Ž .depend only on min m, n . However, this fact is no longer true if we allow
Ž .some  to be 0. Note that if     0, n 1, then 3.3 implies byn n n
Hahn’s theorem that both u and u are classical moment functionals of0 1
Ž . Ž .the same type and u  u for some polynomial  x with 0	 deg 1 0
	 2.
 4In the following, we always assume that u , u is a generalized coher-0 1
ent pair unless stated otherwise.
Ž  LEMMA 3.2 cf. 19, Proposition 8.1 . We hae
nP u  p G u , n 1, 3.4Ž . Ž .n 0 n n 1
where
  1n n
G  R  R  R , n 0, 3.5Ž .n n1 n n1r r rn1 n n1
Ž .so that n 1	 deg G 	 n 1.n
Ž0. Ž0. Ž1.  Ž .4Proof. Let u , u , and u , n 0 be the dual bases of P x ,˜n n n n n0
 Ž .4  Ž .4Q x , and R x , respectively. Then, it is easy to see thatn n0 n n0
uŽ0.  uŽ1.   uŽ1.   uŽ1. G u n 0 .Ž .˜n n n1 n1 n1 n2 n1 1
Hence,
1
Ž0. Ž0.u  n 1 u  n 1 P u , n 0.Ž . Ž .˜Ž .n n1 n1 0pn1
Therefore, we have the result.
ŽTHEOREM 3.3. Both u and u are semiclassical of class 	 6 for u0 1 0
.and of class 	 2 for u satisfying1
 u   u , i 0, 1, 3.6Ž . Ž .i i i i
where
  2 p P G  p P G ,   2 p PG  p PG , 3.7Ž .1 1 2 1 2 1 2 1 1 2 1 2 1 2
   H ,   2 H H , 3.8Ž .0 1 0 1
HG G GG ,  p P G  2 p P G . 3.9Ž .1 2 1 2 2 1 2 1 2 1
Moreoer,
np p P H p  G  G , n 1. 3.10Ž . Ž .1 2 n n 1 n n
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Ž .Proof. Set n 1 and 2 in 3.4 . Then
P u  p G u  p G u , 3.11Ž .1 0 1 1 1 1 1 1
2 P u  p G u  p G u . 3.12Ž .2 0 2 2 1 2 2 1
 Ž . Ž . Ž .Eliminating u , u , and u from 3.11 and 3.12 give 3.6 for i 1 and0 1 1
 u  p p Hu , 3.13Ž .1 0 1 2 1
 u  p p Hu . 3.14Ž .0 1 2 1
Ž . Ž . Ž 2 . Ž . Ž .Hence  u   Hu  p p H u   u by 3.8 , 3.13 , and0 0 1 0 1 2 1 0 0
Ž . Ž .3.14 , which gives 3.6 for i 0.
Ž . Ž .By 3.4 and 3.13 , we have
np p P Hu  nP  u  p  G  G uŽ .1 2 n 1 n 1 0 n 1 n n 1
 Ž .since  u   u so that 3.10 follows. It is now easy to see that H1 1 1
Ž . 4 Ž .  r r x  lower degree terms so that deg H 	 4 and1 2 2 3
4 if    0 1 2
3 if   0,    01 1 2
2 if i     0,   0 or ii   0,   0,Ž . Ž .1 1 2 1 2      0 or iii     0,    0Ž .deg H Ž . 1 2 1 1 2 1 2
1 if i   0,        0 orŽ . 1 2 1 2 1
ii       0,   0Ž . 1 1 2 20 if       0.2 1 2
3.15Ž .
Ž . Ž . Ž .Hence H 0 so that 0	 deg H 	 4, 0	 deg  	 4, 0	 deg  	 8,1 0
Ž . Ž . Ž . Ž .and 0	 deg  	 3, by 3.7 , 3.8 , and 3.9 . Hence u and u are0 1
Ž .semiclassical of class 	 6 and 	 2, respectively, and so 1	 deg  	 3,1
Ž .1	 deg  	 7.0
   4Meijer 24 proved that if u , u is coherent or symmetrically coherent,0 1
then either u or u must be classical with some extra relation between u0 1 0
and u .1
 Ž .4We say a quasi-definite moment functional u with MOPS P x isn n0
 Ž .4strongly classical if there is another MOPS S x relative to w suchn n0
1 Ž . Ž .that P x  S x , n 0. Then u and w must be classical momentn n1n 1
functionals of the same type satisfying
u   u , w    w , and w u.Ž . Ž . Ž .
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Ž ,  .Ž .Classical moment functionals u  ,  ,    0,1,2, . . . ,J
Ž .Ž . Ž .Ž .u  0,1,2, . . . , u  0,1,2, . . . , and u are stronglyB L H
classical.
In our more general case, both u and u may not be classical but we0 1
have:
THEOREM 3.4. Assume that either u is classical or u is strongly classical.0 1
Ž .i If   0 for some k 1, then   0 for all n 1.k n
Ž .ii If   0 for some j 1 and   0 for some k 1, then   j k n n
 0 for all n 1 so that u and u must be classical of the same type.0 1
To prove Theorem 3.4, we need a lemma.
 Ž .4  Ž .4LEMMA 3.5. Let S x and T x be two MOPSs satisfyingn n0 n n0
three-term recurrence relations
S x  x  S x   S x ,Ž . Ž . Ž . Ž .n1 n n n n1
3.16Ž .½ ˜T x  x  T x   T x , n 0.Ž . Ž . Ž .˜Ž .n1 n n n n1
If moreoer,
T x  S x  d S x  e S x  f , n 0 3.17Ž . Ž . Ž . Ž . Ž .n n n n1 n n2 n
Ž .S  S  0 and d  e  e  f  f  f  0 , then1 2 0 0 1 0 1 2
n1
˜d     , n 1 3.18Ž .Ž .Ýn k k
k0
n1
˜e      d    , n 2 3.19Ž .˜ Ž .½ 5Ýn k k k k1 k
k1
f  0, n 0, 3.20Ž .n
and
˜d   e   e   d   0, n 2 3.21Ž .˜n n1 n n2 n n n1 n
e   e   0, n 3. 3.22Ž .˜n n2 n1 n
In particular,
Ž .i If e  0 for some k 2, then e  0, n 0.k n
Ž .ii If e  0 for some j 2 and d  0 for some k 1, then d  j k n n
 0, n 0.
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Ž . Ž . ŽProof. Equations 3.18  3.22 follow immediately from 0 T  xn1
˜ . Ž . Ž .  T   T , n 0, 3.16 , and 3.17 . Assume e  0 for some˜n n n n1 k
Ž .k 2. Then 3.22 implies e  0 for all n 0, since  ,   0, n 1.˜n n n
Ž .Assume e  0 for some j 2 and d  0 for some k 1. Then 3.21j k
Ž .and 3.22 yield d  e  0 for all n 0.n n
 Ž .4Proof of Theorem 3.4. Assume u is classical. Then Q x 0 n n0
1   Ž .4P x is also an MOPS so that the conclusion follows byn1 n0n 1
 Ž .4Lemma 3.5. Assume u is strongly classical. Then R x 1 n n0
1    Ž .4  Ž .4 Ž .T x for some classical MOPS T x . Then 3.3 becomesn1 n0 n n0n 1
T x  P x  d P x  e P x  f , n 0, 3.23Ž . Ž . Ž . Ž . Ž .n n n n1 n n2 n
n Ž . Ž . Ž .where d   , n  2, e  T 0  P 0  2 P 0 , e n n1 2 2 2 1 1 nn 1
n nŽ . Ž . Ž .  , n  3, and f  T 0  P 0   P 0n 2 n n n n 1 n 1n  2 n  1
n Ž .  P 0 , n 3. Hence, the conclusion follows again by Lem-n2 n2n 2
ma 3.5.
 In 3 , Branquinho and Marcellan found necessary and sufficient condi-´
 Ž .4 Ž .tions for the PS T x defined by the relation 3.17 with f  0,n n0 n
 Ž .4n 0, and e  0, n 2 to be an MOPS assuming that only S x isn n n0
an MOPS. Compare Theorem 3.4 with the analog for 2-term coherence
 analyzed in 20 .
Ž .In the following, let g and h be the leading coefficients of G x andn n
Ž .H x , respectively.
PROPOSITION 3.6. If u is classical, then G u is also classical of the0 1 1
Ž .same type as u . If moreoer deg G  0, then     0, n 1. If0 1 n n
Ž . Ž . Ž .Ž . Ž .moreoer deg G  1, i.e., G x  g x  g  0 , then Q   0,1 1 1 1 n
Ž Ž . Ž ..  Ž .4   Ž .4  R  R   ,   0, n 1, and Q x  R  ; x .n n1 n n n n n0 n n0
Ž .Proof. Assume u is a classical moment functional satisfying u 0 0
Ž . Ž . Ž Ž .. u with 0	 deg  	 2 and deg   1. Then cf. 2.30
P P  P , n 0,n n n n
1 Ž . Ž . Ž . Ž .where   n n 1  x  n  x and   0, n 1. Hence  x n n2
Ž . Ž . P x so that by 3.4 for n 11 1
u   P u   p G u .Ž . Ž .0 1 1 0 1 1 1 1
Ž .1Therefore G u   p u is also a classical moment functional of1 1 1 1 0
Ž . Ž Ž ..the same type as u . If deg G  0, then     0 cf. 3.5 so that0 1 1 1
Ž .    0, n 1 by Theorem 3.4. If deg G  1, then   0 andn n 1 1
Ž . Ž .1  0 so that   0,   0, n 1, and x  u   p g u .1 n n 1 1 1 1 0
Ž . Ž .  Ž .4Hence, x  u is quasi-definite so that Q   0, n 1, Q x1 n n n0
  Ž .4 Ž Ž . Ž .. Ž Ž .. R  ; x , and   R  R   , n 1 see 2.4 .n n0 n n1 n n
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COROLLARY 3.7. If u and u are classical, then1
Ž .i u , u , and G u are classical of the same type;0 1 1 1
Ž . Ž .ii u  u if deg G  1 or 2.0 H 1
Ž . ŽProof. Assume that u and u are classical and u   u 0	0 1 0 0
Ž . Ž . .deg  	 2, deg   1 . Then by Proposition 3.6, G u is also classical of1 1
the same type as u . Since G u must be of the same type as u , u is of0 1 1 1 1
Ž . Ž .the same type as u . Hence there exist polynomials  x and  x of˜0
degree 1 such that
u   u and G u  G u .Ž . Ž . ˜1 1 1 1 1 1
 Ž .  Hence G u G u G u G u G  u so that G ˜ 1 1 1 1 1 1 1 1 1 1 1
Ž . Ž . Ž .  G . Therefore, deg   1 so that u  u if deg G  1 or 2.˜ 1 0 H 1
Ž . Ž . Ž .PROPOSITION 3.8. If u is classical, then  x ,  x , and H x must1 1
Ž . Ž Ž . Ž . . Ž .hae a common factor  x with max deg   2, deg   1 	 deg 1
	 3 and u  uŽ0, 0., the Legendre moment functional.1 J
Proof. Assume that u is a classical moment functional satisfying1
Ž . Ž . Ž . Ž . u   u with 0	 deg  	 2 and deg   1. Since  u 1 1 1 1 1 1 1 1
Ž .Ž . Ž . Ž . u ,     for some polynomial  x  0 with deg   deg  1 1 1 1 1
Ž .   Ž  . Ždeg  . Then  u   u   u      u so that   1 1 1 1 1 1 1 1 1 1
 . Ž .  Ž . Ž Ž . Ž . .  and  x   x  0. Hence, max deg   1, deg   1 	1 1 1 1
Ž . Ž0, 0. Ž .  Ž . Ž0, 0.deg  	 3 and u  u since  x   x  0 in case u  u .1 J 1 1 1 J
Ž . Ž . Ž . Ž .Finally assume deg   1 but  x does not divide H x . Then,  x has
Ž . Ž . Ž .a zero  such that H   0. Then by 3.10 , P   0, n 1, sincen
Ž . Ž .      0, which is a contradiction.1
We now examine the semiclassical character of u and u depending on0 1
Ž .deg H : Let s be the class numbers of u for i 0, 1.i i
Ž .Case 1. Deg H  0, that is,       0. Then, there are two2 1 2
cases:   0 and   0.1 1
Ž . Ž .Case 11.         0. Then deg  , deg  	 2, and1 2 1 2 0 1
Ž . Ž .deg   deg   1 so that u and u are classical of the same type and0 1 0 1
    0 for all n 1 by Theorem 3.4.n n
Ž . Ž .Case 12.       0 and   0. Then deg   deg   32 1 2 1 1 0
Ž . Ž .and deg   deg   2. Hence u and u are semiclassical of class1 0 0 1
	 1. If either u is classical or u is strongly classical, then by Theorem0 1
3.4,     0, n 1. This contradicts   0. Hence s  1, s  0 orn n 1 0 1
1, and u cannot be strongly classical.1
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Ž . Ž .Case 2. Deg H  1, that is, i   0,   0, and      0 or1 2 1 2 1
Ž .ii       0 and   0. Then u cannot be classical and u1 1 2 2 0 1
cannot be strongly classical by Theorem 3.4.
Ž .Case 21.   0,   0, and      0. Then deg  	 4,1 2 1 2 1 0
Ž . Ž . Ž .deg  	 4, 1	 deg  	 4, 1	 deg  	 3 so that 1	 s 	 3 and1 0 1 0
0	 s 	 2.1
Case 22.       0 and   0. Then 1	 s 	 2 and 0	 s1 1 2 2 0 1
	 1.
Ž . Ž . Ž .Case 3. Deg H  2, that is, i     0 and   0 or ii   0,1 1 2 1
Ž .  0, and      0 or iii     0 and    0.2 1 2 1 1 2 1 2
Ž . Ž .In cases i and ii , u cannot be classical and u cannot be strongly0 1
classical by Theorem 3.4 and 1	 s 	 4, 0	 s 	 2.0 1
Ž . Ž . Ž .2 Ž . ŽIn case iii , there are three cases: H x  h x  or H x  h x
.Ž . Ž . Ž . Ž .Ž . x     and   0, n 1 or H x  h x  x 1 2 1 2 n 1 2
Ž .   and   0 for some n 3.1 2 n
Ž .THEOREM 3.9. Assume     0 and    0 so that deg H  2.1 2 1 2
Ž . Ž . Ž .2i If H x  h x  , then u and G u are classical of the same0 1 1
Ž .type, deg   2, and   0,   0, n 1.1 n n
Ž . Ž . Ž .Ž . Ž .ii If H x  h x  x     ,   0, n 1, then u is1 2 1 2 n 1
classical. Moreoer, if u is strongly classical, then   0, n 1.1 n
Ž . Ž . Ž .Ž . Žiii If   0 for some n 3, then H x  h x  x   n 1 2 1
. and 1	 s 	 3, 0	 s 	 1, and u cannot be strongly classical.2 0 1 1
Ž . Ž .Proof. Note that deg G  1 and deg G  2 when     0 and1 2 1 2
   0.1 2
Ž .i The following proof is essentially the same as that of Theorem 1
 in 24 , where it is assumed that   0 and   0, n 1.n n
Ž . Ž .2Ž .Assume H x  h x  h g g . Then1 2
H  G  G   g G   0 andŽ . Ž . Ž . Ž .1 2 1 2
H   2 g G   0Ž . Ž .2 1
Ž . Ž . Ž . Ž . Ž .so that G  G   0. Hence G   g x  and G x 1 2 1 1 2
˜ ˜Ž . Ž . Ž .G x G x , deg G  1. Then1 2 2
˜ x G 2 p P  p P G  x   x , 0	 deg  	 2Ž . Ž . Ž . Ž .˜ ˜Ž .1 1 1 2 2 1 2 1 1
  ˜ x G 2 p P  p P G  x   x , 0	 deg  	 1.Ž . Ž . Ž . Ž .˜ ˜Ž .1 1 1 2 2 1 2 1 1
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Ž .Using 3.13 , we have
 u  p p g G u  p p h x  u 3.24Ž . Ž .˜1 0 1 2 2 1 1 1 2 1
Ž . Ž . Ž .so that by 3.11 ,  u  p g p G u  p g P u . Therefore, u is˜1 0 2 2 1 1 1 2 2 1 0 0
classical and G u is also classical of the same type as u by Proposition1 1 0
3.6 satisfying
 G u   G u .Ž .˜ ˜1 1 1 1 1 1
Ž . Ž .Hence deg   1 and so deg   2. Finally   0 and   0, n 1˜1 1 n n
by Theorem 3.4.
Ž . Ž  .ii It is also proved by Meijer see Theorem 2 in 24 assuming
  0 and   0, n 1. But, the inspection of the proof of Theorem 2 inn n
 24 reveals that we only need    0 and   0, n 1. Then, by1 2 n
Theorem 3.4,   0, n 1, if u is strongly classical.n 1
Ž . Ž .iii Assume   0 for some n 3. Then H x cannot have an
Ž . Ž . Ž .Ž . Ž .double zero by i so that H x  h x  x     and the1 2 1 2
conclusion follows from Theorem 3.4.
In particular, we have:
Ž . Ž .2COROLLARY 3.10. If     0,    0, and H x  h x  ,1 2 1 2
Ž .   Ž .4then R   0, n 0 and R  ; x is the classical MOPS relatie ton n n0
 u .˜1 0
Ž .Proof. It follows immediately from 3.24 since  u is a classical˜1 0
moment functional.
Ž . Ž .The relation 3.24 between u and u also holds in case Theorem 3.9 ii0 1
Ž  . Ž . Ž .see Theorem 2 in 24 for   or  . Hence we have in case i or ii1 2
in Theorem 3.9
1p p hu  x   u  p p hr  x  .Ž . Ž .˜1 2 1 1 0 1 2 0
Ž .Case 4. Deg H  3, that is,   0,   0, and   0. Then 1	 s1 2 1 0
	 5, 0	 s 	 2, and u cannot be strongly classical.1 1
Ž .Case 5. Deg H  4, that is,    0.1 2
THEOREM 3.11. If G diides G , then u and G u are classical of the1 2 0 1 1
Ž .same type, deg   3, and   0, n 1. To be precise, we hae:1 n
Ž . Ž . Ž .4i If H x  h x  , then G diides G and1 2
1 2u  p p g x   u  r  x Ž . Ž . Ž .˜1 1 2 2 1 0 0
 R 0   r   x  . 3.25Ž . Ž . Ž .Ž .1 0
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Ž . Ž . Ž .2Ž .2 Ž . Ž . Ž .ii If H x  h x  x     and G  G   0,1 2 1 2 1 1 1 2
then G diides G and1 2
1 1 1u  p p g x  x   uŽ . Ž . Ž . ˜1 1 2 2 1 2 1 0
r0 R 0    x   R 0    x  .Ž . Ž . Ž . Ž .Ž . Ž .1 1 2 1 2 1  1 2
3.26Ž .
Ž . Ž . Ž .Here,  x G x  x .˜1 1 1
Ž . Ž .Proof. Since  ,   0, deg G  2 and deg G  3. Assume that G1 2 1 2 1
˜ ˜Ž .divides G . Set G G G , deg G  1. Then2 2 1 2 2
˜ G 2 p P  p P G G  0	 deg  	 2Ž .˜ ˜Ž .Ž .1 1 1 2 2 1 2 1 1 1
  ˜ G 2 p P  p P G G  0	 deg  	 1 .Ž .˜ ˜Ž .Ž .1 1 1 2 2 1 2 1 1 1
Ž . Ž .As in the proof of Theorem 3.9 i , by 3.13 , we obtain
g2˜ u  p p G G u  p p G u 3.27Ž .˜1 0 1 2 1 2 1 1 2 1 1g1
˜ ˜Ž . Ž . Ž .so that by 3.4 ,  u  p G h G u  p G P u . Hence u and˜1 0 2 2 1 1 1 2 2 1 0 0
Ž .G u are classical of the same type by Proposition 3.6 and  G u ˜1 1 1 1 1
Ž . Ž . G u . Hence, deg   1 and so deg   3. Finally,   0, n 1 by˜ ˜1 1 1 1 1 n
Theorem 3.4.
Ž . Ž . Ž .4 Ž . Ž . Ž . Ž .i H x  h x  , that is, H  H  H  H  
Ž .  Ž .  Ž . 0. Since H  x  12 g G x , G   0. Hence we have2 1 1
H  G  G   0 andŽ . Ž . Ž .1 2
H   6 g G   2 g G   0Ž . Ž . Ž .2 1 1 2
Ž .  Ž . Ž . Ž .so that G  G   0. Then H  2 g G   0 so that1 2 1 2
Ž . Ž .2 Ž .G   0. Hence G  g x  divides G . Finally, 3.25 comes from2 1 1 2
Ž . Ž .3.27 and Lemma 2.4 iii .
Ž . Ž . Ž .2Ž .2 Ž .ii Assume H x  h x  x     and, for exam-1 2 1 2
Ž . Ž . Ž .Ž .ple, G   0. Then G x  g x  x  and1 1 1 1 1
H  x  2GG 12h 2 x     12h 2 x   Ž . Ž . Ž .1 2 1 1 2
Ž . Ž . Ž . Ž .so that   . Hence G  G   0 and so G  G   02 1 1 1 2 2 1 2 2
Ž . Ž . Ž .since H  H   0. Therefore, G divides G . Finally, 3.26 comes1 2 1 2
Ž . Ž .from 3.27 and Lemma 2.4 ii .
GENERALIZED COHERENT PAIRS 497
Finally, in this section, let us consider the case when   0, n 1, son
Ž .that the coherency 3.3 becomes
R Q   Q , n 0. 3.28Ž .n n n1 n2
Note that if u is symmetric, then u must also be symmetric but if u is0 1 1
symmetric, then u may or may not be symmetric in general. When u is0 0
Ž .symmetric and   0, n 1, 3.28 is the symmetric coherence introducedn
  Ž .by Iserles et al. 9 . In case of 3.28 ,
4 if    0 1 22 if   0,   0 or   0,   0deg H Ž . 1 2 1 20 if     0.1 2
Ž .As before, if deg H  0, then u and u must be classical of the same0 1
Ž . Ž .type and   0, n 1 and if either deg H  2 or deg H  4 andn
  0 for some n 3, then u cannot be classical and u cannot ben 0 1
Ž .strongly classical. When deg H  4 and u is symmetric, Meijer proved0
Ž  .see Theorem 3 and Theorem 4 in 24 :
THEOREM 3.12. Assume   0, n 1,     0, and u is symmetric.n 1 2 3 0
Set
G G GG  xB x ,Ž .1 3 1 3
Ž . 4 2 Ž .where B x  ax  bx  c a 0 .
Ž . Ž . Ž 2 2 .2i If B x  a x   , then u and G u are classical of the same0 1 1
type and   0, n 1.n
Ž . Ž . Ž 2 2 .Ž 2 2 . Ž .ii If B x  a x   x      , then u is classical.1 2 1 2 1
Moreoer, if u is strongly classical, then   0, n 1.1 n
Meijer assumed   0, n 1 but it is easy to see that the same proofn
works assuming only     0 and then   0, n 1, by Theorem 3.4.1 2 3 n
We have seen several cases of generalized coherency where either u or0
u is classical. In the next section, we give a complete characterization of1
companion moment functionals when either u is classical or u is strongly0 1
classical together with examples.
4. GENERATING GENERALIZED COHERENT PAIRS
Ž .Coherent i.e.,   0 and   0, n 1 and symmetrically coherentn n
Ž .i.e.,   0,   0, n 1, and u is symmetric pairs of positive-definiten n 0
 4   Ž  .moment functionals u , u are classified in 24 see also 20 . We now0 1
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consider the following problems:
  4Characterize generalized coherent pairs u , u , where either u or0 1 0
u is classical.1
 How do we generate generalized coherent pairs?
We will consider only 2-term and 3-term coherent pairs since if otherwise,
 4i.e.,     0, n 1, then u , u is a generalized coherent pair if andn n 0 1
Ž . Žonly if u is a classical moment functional satisfying u   u 0	0 0 0
Ž . Ž . .deg  	 2, deg   1 and u  u .1 0
 Ž .4  Ž .4As in Section 3, let P x or R x be the MOPSs relative ton n0 n n0
Ž .u or u , respectively, when u or u is quasi-definite and Q x0 1 0 1 n
1  Ž . P x , n 0.n1n 1
THEOREM 4.1. Assume that u is a classical moment functional satisfying0
Ž . Ž Ž . Ž . . Žu   u 0	 deg  	 2, deg   1 . Then u not assumed to be0 0 1
.quasi-definite a priori is a 2-term coherent companion of u if and only if0
1u  x  u  a x  4.1Ž . Ž . Ž .1 0
for some complex numbers  and a satisfying
² : Ž1.aQ   u ,  Q   0, n 0.Ž . Ž .n 0 n1
Ž .  Ž .In this case, Q x  R  ; x , n 0,   0, n 1, andn n n
² 2:R  u , RŽ .n1 1 n
R x Q x  Q x , n 1. 4.2Ž . Ž . Ž . Ž .n n n12² :R  u , RŽ .n 1 n1
Proof. Assume that u is a 2-term companion of u , that is,1 0
R x Q x   Q x , n 1Ž . Ž . Ž .n n n n1
and   0 for some n 1. Then   0, n 1, by Theorem 3.4. More-n n
 Ž .4   Ž .4over, by Proposition 2.3, Q x  R  ; x for some  withn n0 n n0
Ž . Ž .  Ž .4R   0, n 1 and x  u  u since Q x is the classicaln 1 0 n n0
MOPS relative to u . Hence0
1 ² :u  x  u  u , 1  x Ž . Ž .1 0 0
Ž . Ž .so that we have 4.1 by Lemma 2.4 i .
Ž .Conversely assume 4.1 . Then u is quasi-definite by Lemma 2.5. Since1
Ž . Ž . Ž .  Ž .x  u  u is quasi-definite in fact, classical , Q x  R  ; x ,1 0 n n
Ž . Ž Ž ..n 0, and 4.2 holds cf. 2.4 .
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Ž . Ž . ŽNote that 4.1 implies x  u  u is classical so that s the class1 0 1
. Ž .number of u is either 0 or 1. If s  0, i.e., u is classical, then    01 1 1
so that u  u , i 0, 1.i H
 4COROLLARY 4.2. Let u , u be a 2-term coherent pair of real moment0 1
functionals where u is classical.0
Ž .  Ž .i If u is positie-definite and a, b 	 a	 b	  is the true1
Ž  . Ž .interal of orthogonality of u see Definition 5.2 on p. 29 in 6 , then Q x ,1 n
Ž .n 1, has n real simple zeros which interlace with the zeros of R x andn
Ž . Ž . Ž .R x . Moreoer, if 	 a resp.  b then u resp. u isn1 0 0
positie-definite.
Ž . Ž .ii If u is positie-definite, then R x , n 1, has n real simple0 n
Ž . Ž .zeros which interlace with the zeros of Q x and Q x .n n1
Ž .Proof. By Theorem 4.1, we have x  u  u for some real num-1 0
Ž . Ž . Ž .ber  with R   0, n 1. Then ii and the first part of i come fromn
Ž .  Proposition 2.3. For the second part of i , see Theorem 7.1 on p. 36 in 6 .
Furthermore,
THEOREM 4.3. Let u be a strongly classical moment functional satisfying1
Ž . Ž Ž . Ž . .  Ž .4u   u 0	 deg  	 2, deg   1 and T x the classical1 1 n n0
1  Ž . Ž .MOPS relatie to w with T x  R x , n 0. Then u is a 2-termn1 n 0n 1
coherent companion of u if and only if for some complex number  with1
Ž .T   0, n 1n
u  x  w. 4.3Ž . Ž .0
Ž .  Ž .In this case, P x  T  ; x , n 0,   0, n 1, andn n n
² 2:n T  w , TŽ .n n
R x Q x  Q x , n 1.Ž . Ž . Ž .n n n12² :n 1 T  w , TŽ .n1 n1
4.4Ž .
Proof. Assume that there are complex numbers  , n 1, not all zeron
such that
R x Q x   Q x , n 1.Ž . Ž . Ž .n n n n1
Ž .Then   0 n 1 by Theorem 3.4. Integrating both sides of then
equation, we obtain
n
T x  P x   P x  t , n 2 4.5Ž . Ž . Ž . Ž .n n n1 n1 nn 1
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Ž . Ž . Ž . Ž .and T x  P x   P x   0 . Then t  0, n 2, and   0 by1 1 0 0 0 n 0
² : ² : ŽLemma 3.5 so that u , T  0, n 2, and u , T  0. Hence u  x0 n 0 1 0
. Ž . Ž .  w for some  by Lemma 2.6 and so T   0, n 1, and P x n n
 Ž . Ž . Ž .T  ; x , n 0. Then we have from 4.5 and 2.4n
² 2:n T  w , TŽ .n n
  , n 1n 2² :n 1 T  w , TŽ .n1 n1
Ž . Ž . Ž . Ž .and 4.4 by differentiating 4.5 . Conversely assume 4.3 and T   0,n
Ž .  Ž .n 1. Then u is quasi-definite and P x  T  ; x , n 0 so that0 n n
T x  P x   P x , n 0   0, n 1 .Ž . Ž . Ž . Ž .n n n n1 n
Ž . Ž . Ž Ž .. Ž .  4Hence, R x Q x    n 1 Q x , n 1 so that u , u isn n n1 n1 0 1
a 2-term coherent pair.
Ž . Ž .Note that 4.3 implies that s the class number of u is either 0 or 1.0 0
Ž .If s  0, i.e., u is classical, then    0 so that u  u , i 0, 1.0 0 i H
 4COROLLARY 4.4. Let u , u be a 2-term coherent pair of real moment0 1
Ž .functionals where u is strongly classical. If u resp. u is positie-definite,1 0 1
Ž . Ž Ž ..then T x resp. P x , n 1, has n real simple zeros which interlace withn n
Ž . Ž . Ž Ž . Ž ..the zeros of P x and P x resp. T x and T x .n n1 n n1
Ž .Proof. In this case, we have 4.3 for some real number  with
Ž .T   0, n 1. Hence the conclusion follows from Proposition 2.3.n
Ž .Moreover, if u in Corollary 4.4 is positive-definite, then Q x , n 1,0 n
 Ž .4also has n real simple zeros. In fact, Q x is a Sturm sequence butn n0
 not necessarily an OPS unless u is classical. See Theorem 2.3 in 10 .0
In particular, Theorem 4.1 and Theorem 4.3 imply that for any classical
Ž .moment functional u resp. strongly classical moment functional u ,0 1
Ž .there are infinitely many companions u resp. u with   0 and   0,1 0 n n
n 1.
EXAMPLES. By Theorem 4.1 and Theorem 4.3, we can relax restrictions
 on parameters in coherent pairs found by Meijer 24 . For example, in case
Ž . Ž .  Ž .4u  u  0,1,2, . . . , u , u is coherent if and only if u 1 L 0 L 0
Ž . Ž1. Ž1.Ž . Ž0.u   u and L   0, n 1. For  0, u is not stronglyL L n L
 Ž0. Ž . Ž0.4classical but u  a x , u is coherent for any complex number aL L
satisfying
2n k!Ž .
1 a  0, n 0, 4.6Ž .Ý 2Ž0. Ž0.u , L xŽ .² :k0 L k
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 Ž .Ž .4where L x are the monic Laguerre polynomials. In fact, then n0
Ž . Ž0. Ž .condition 4.6 is the necessary and sufficient condition for u  a x toL
Ž  . Žbe quasi-definite see 15, 17 and coherency follows from the identity see
Ž .  .3.14 in 24
n n Ž . Ž . Ž1. Ž1.L 0  1 n! and L x  L x  nL xŽ . Ž . Ž . Ž . Ž .n n n n1ž /n
Ž Ž . Ž .  .see 5.1.7 and 5.1.13 in 28 .
Ž . Ž . Ž  Ž . Ž .4In particular, u 1,2, . . . is self-coherent i.e., u , u isL L L
.coherent . In fact, by the characterization of classical OPSs by Marcellan´
  Žet al. 16 , any classical moment functional u is self-coherent 1-term if
u u , 2-term if u uŽ ., symmetric if u uŽ ,  ., 3-term if uH L J
Ž ,  . Ž ..u , u .J B
Ž .Hermite moment functional u has no positive-definite 2-term com-H
Ž . 4 Ž .panion but x  u , u is coherent for any  with H   0, n 1.H H n
 4We now consider 3-term coherent pairs u , u , one of which is class-0 1
ical.
Ž .THEOREM 4.5. Let u be a classical moment functional satisfying u 0 0
Ž Ž . Ž . . ² :  u 0	 deg  	 2, deg   1 . Assume u ,   1. Then u is a0 0 1
3-term companion of u if and only if either0
1 1u  x  x  u  a x   b x  4.7Ž . Ž . Ž . Ž . Ž .1 1 2 0 1 2
or
2u  x  u  a x   b  x  4.8Ž . Ž . Ž . Ž .1 1 0 1 1
for some complex numbers  ,  , a, and b satisfying1 2
Ž . Ž .i in case of 4.7
a b 0, 
2 2a   a  b  b   a  b  1,Ž . Ž .1 1 2 2 1 2 
Ž1. Ž1.a   Q  Q  a   Q  Q Ž . Ž . Ž . Ž . Ž . Ž .2 1 n1 1 n 1 2 1 n 1 n1 1
0,Ž1. Ž1. b   Q  Q  b   Q  Q Ž . Ž . Ž . Ž . Ž . Ž .2 1 n1 2 n 2 2 1 n 2 n1 2
n 0;
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Ž . Ž .ii in case of 4.9
 2 a 0, a b  0,
Ž1.bQ  Q Ž . Ž .n1 1 n 1
 Ž1.b bQ  Q   aQ Ž . Ž . Ž .Ž . n1 1 n 1 n1 1
Ž1.bQ  Q Ž . Ž .n 1 n1 1
 Ž1. b bQ  Q   aQ Ž . Ž . Ž .Ž .n 1 n1 1 n 1
 0, n 0. 4.10Ž .
Proof. Assume that there are complex numbers  and  , n 1, suchn n
that not all  are zero andn
R x Q x   Q x   Q x , n 2.Ž . Ž . Ž . Ž .n n n n1 n n2
² :Then   0, n 1 by Theorem 3.4 and u , R  0, n 3, andn 0 n
² :u , R  0. Hence, u   u by Lemma 2.6 for some polynomial0 2 0 2 1
Ž . Ž . x of degree 2, which we may assume to be monic. Then we have 4.72
Ž . Ž .  by Lemma 2.4 ii and 4.9 holds by Theorem 6 in 3 since u   u is0 2 1
Ž . Ž .Ž . Ž . Ž .quasi-definite if  x  x  x     . Similarly if  x 2 1 2 1 2 2
Ž .2 Ž . Ž . Ž .x  , then 4.8 and 4.10 hold by Lemma 2.4 iii and Corollary 81
 in 3 .
Ž . Ž . Ž .Ž .Conversely, assume that 4.7 and 4.9 hold. Then x  x  u1 2 1
 u and u is quasi-definite. Write R Q Ýn1 c Q , n 1.0 1 n n j0 n, j j
Then
² 2: ² : ² :c u , Q  u , R Q  u , R x  x  Q ,Ž . Ž .n , j 0 j 0 n j 1 n 1 2 j
0	 j	 n 1
so that c  0, 0	 j	 n 2, and c  0. Hence u is a 3-termn, j n, n2 1
Ž . Ž .coherent companion of u . In case of 4.8 and 4.10 , the proof is the0
same.
Furthermore,
THEOREM 4.6. Let u be a strongly classical moment functional satisfying1
Ž . Ž Ž . Ž . .  Ž .4u   u 0	 deg  	 2, deg   1 and T x the classical1 1 n n0
1  Ž . Ž .MOPS relatie to w with T x  R x , n 0. Then u is a 3-termn1 n 0n 1
companion of u if and only if either1
u  x  x  w 4.11Ž . Ž . Ž .0 1 2
for some complex numbers    satisfying1 2
T  T Ž . Ž .n 1 n1 1
 0, n 1 4.12Ž .
T  T Ž . Ž .n 2 n1 2
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or
2u  x  w 4.13Ž . Ž .0 1
for some complex number  satisfying1
T  T Ž . Ž .n 1 n1 1
 0, n 1. 4.14Ž . T  T Ž . Ž .n 1 n1 1
Proof. Assume that there are complex numbers  and  , n 1, suchn n
that not all  are zero andn
R x Q x   Q x   Q x , n 2.Ž . Ž . Ž . Ž .n n n n1 n1 n2
Then,   0, n 1, by Theorem 3.4 andn
n n
T x  P x   P x   P x  t ,Ž . Ž . Ž . Ž .n n n1 n1 n2 n2 nn 1 n 2
n 3,
Ž . Ž . Ž . Ž . Ž .T x  P x  2 P x   P x   0 . Then, t  0, n 3 by2 2 1 1 0 0 0 n
² : ² :Lemma 3.5 so that u , T  0, n 3, and u , T  0. Hence, u 0 n 0 2 0
Ž . Ž . Ž .Ž w for some monic polynomial  x of degree 2. If  x  x  x2 2 2 1
. Ž . Ž . Ž .2 Ž . Ž .     or  x  x  , then 4.12 or 4.14 must hold by2 1 2 2 1
 Theorem 2.1 in 1 since u is quasi-definite.0
Ž . Ž .Conversely assume that 4.11 and 4.12 hold. Then u is quasi-definite.0
Write T  P Ýn1 c P , n 1. Thenn n j0 n, j j
² 2: ² : ² :c u , P  u , T P  w , x  x  T P ,Ž . Ž .n , j 0 j 0 n j 1 2 n j
0	 j	 n 1,
so that c  0, 0	 j	 n 2, and c  0. Hencen, j n, n2
T x  P x  c P x  c P x , n 2Ž . Ž . Ž . Ž .n n n , n1 n1 n , n2 n2
which implies, by differentiation, that u is a 3-term companion of u . In0 1
Ž . Ž .case of 4.13 and 4.14 , the proof is the same.
Theorem 4.5 and Theorem 4.6 imply that for any classical moment
Ž .functional u resp. strongly classical moment functional u , there are0 1
Ž .infinitely many 3-term companions u resp. u with   0, n 1.1 0 n
EXAMPLES. Again by Theorem 4.5 and Theorem 4.6, we can relax
restrictions on parameters in symmetric coherent pairs found by Meijer
KWON, LEE, AND MARCELLAN´504
   24 . For example, Meijer 24 showed that
12 2x xe dx , e dx  0Ž .2 2½ 5x  
2 Ž .is symmetrically coherent. More generally, let x  ax b x  	
˜ 2Ž .x  be a real polynomial with a  4b	 0. Then
12 2x xe dx , e dx2½ 5x  ax b
Ž .is a 3-term coherent pair not symmetric unless a 0 . The moment
functional u with integral representation1
  xŽ . 2x² :u , x  e dxŽ . H1 2x  ax b
Ž .can be expressed as in 4.7 . Let
 2x² :u , x   x e dx .Ž . Ž .HH

Then
 x   xŽ . Ž .12x  ax b u ,  u ,Ž .¦ ;H H¦ ;2x  ax b
  x   xŽ . Ž . 2x e dx ,H 2x  ax b
iŽ .  Ž .Ž . Ž .Ž .4where  x     x    x  . Hence2 Im 
12x  ax b u ,Ž .¦ ;H
i
² : ² : ² : u ,  u ,  x    u , x   Ž . 4Ž .1 1 12 Im 
so that
12u  x  ax b uŽ .1 H
i
² : ² : u ,  x  x   u , x   x  .Ž . 4Ž .1 12 Im 
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 Similarly, the Gegenbauer case handled in 24 can be extended also to
include non-symmetric generalized coherent pairs. For example,
uŽ ,  . , uŽ ,  .  a x 1  b x 1Ž . Ž . 4J J
Ž .is a 3-term coherent pair not symmetric unless   and a b as long
Ž ,  . Ž . Ž .as u  u  a x 1  b x 1 is quasi-definite. See Theorem1 J
   3.1 in 15 or Theorem 4 in 7 for the conditions for u to be quasi-1
definite.
 Ž ,  ; a, b.Ž .4Generalized Jacobi polynomials P x , orthogonal with re-n n0
Ž ,  . Ž . Ž .spect to u  a x 1  b x 1 were first introduced by Koorn-J
 winder 11 for  , 1 and a, b 0.
 Ž .4We now consider T x the monic Chebychev polynomials of then n0
first kind, which are orthogonal with respect to uŽ12,12.. ThenJ
1
T x U x , n 0Ž . Ž .n1 nn 1
are the monic Chebychev polynomials of the second kind. For them the
three-term recurrence relation is
1
U x  xU x  U x , n 1 U x  1, U x  x .Ž . Ž . Ž . Ž . Ž .Ž .n1 n n1 0 14
 Ž .4Now, define a monic PS R x byn n0






where a and b are complex numbers with a  b  0. Then it is easy to
Ž  .  Ž .4prove see 3 that the R x satisfyn n0
1
R x  xR x  R x , n 2Ž . Ž . Ž .n1 n n14
1
R x  xR x   b R x , R x  x a.Ž . Ž . Ž . Ž .2 1 0 1ž /4
 Ž .4 Ž  .Hence, R x is an MOPS Bernstein polynomials; see p. 31 in 28n n0
1 1Ž . Ž .resp. symmetric MOPS if and only if b resp. a 0 and b . The4 4
Ž .  Ž12,12. 4relation 4.15 implies that u , u is a 2-term coherent pair or aJ 1
13-term coherent pair if b 0 and b 0, , respectively, where u is the14
 Ž .4canonical moment functional of R x .n n0
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5 Ž12, 12.Ž . Ž .When b 0 so that a 0 , we have x a u  u so that1 J4
15 51 1 .Ž ,2 2u  x a u   x a .1 Jž / ž /4 4
1When a 0 and b 0, , we have4
21 1 1 1 .2 Ž ,2 2x  b u  x  x  u  u .Ž . Ž .1 1 2 1 J½ 5ž /b 4
Ž Ž ..Thus cf. Lemma 2.4 ii
121 1 1 1 .2 Ž ,2 2u  x  b u1 J½ 5ž /b 4
1
   x     x  4.16 4Ž . Ž . Ž .2 1 1 2  2 1
 Ž12,12. 4and u , u is symmetrically coherent. Some special cases ofJ 1
1 1Ž .    4.16 are handled in 3 for b 1 and 25 for 	 b	 .8 4
We now give two more ways to generate generalized coherent pairs
 4u , u , where none of u and u need to be classical.0 1 0 1
Ž .THEOREM 4.7. Let u be a classical moment functional satisfying u 
Ž Ž . Ž . .  4  4 u 0	 deg  	 2, deg   1 . If u , u and u, u are 2-term coher-0 1
 4ent pairs, then u , u is a 3-term coherent pair.0 1
 Ž .4  Ž .4Proof. Let S x and T x be the MOPSs relative to u andn n0 n n0
1  Ž . Ž .u, respectively. Then T x  S x , n 0, andn1 nn 1
1 an S  P  P , n 1, 4.17Ž .n n1 nn 1 n
1 bn R  T  T , n 1. 4.18Ž .n n1 nn 1 n
Hence a  0, b  0, n 1 by Lemma 3.5 andn n
1 a  b a bn n n1 n  R  S  b S  P  P  P , n 2,n n n n1 n1 n n1n 1 n n 1
 4so that u , u is a 3-term coherent pair.0 1
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Ž  .For example cf. Meijer 24 ,
uŽ1.LŽ .x  u ,  a x Ž . Ž .1 L 2½ 5x  2
is a 3-term coherent pair for any complex numbers  ,  , and a 01 2
Ž .Ž . Ž1.Ž . ² Ž . : Ž1, 1.Ž .satisfying L   0 and aL   u , x L   0, n 1n 1 n 2 L n1 2
Ž .  Ž1, 1.Ž .41,2, . . . , where L x are the monic numerator poly-n n0
Ž .  Ž1.Ž .4nomials or the associated polynomials of the first kind for L x .n n0
 4 Ž .THEOREM 4.8. Let u, u be a 2-term coherent pair satisfying 4.18 .1
Ž . Ž . 4Then for any 
 with T   0, n 1, x  u, u is a 3-termn 1
coherent pair.
Ž . Ž .Proof. For any 
 with T   0, n 1, x  u is quasi-definiten
 Ž .4   Ž .4 Ž .and its corresponding MOPS is P x  T  ; x . Then by 2.4n n0 n n0
² 2:T  u , TŽ .n1 n
T  P   P ,   , n 1.n n n n1 n 2² :T  u , TŽ .n n1
Hence
1  b  bn1 n n n  R  P   P  P , n 2.n n1 n n1ž /n 1 n 1 n n
Combining Theorem 4.1 and Theorem 4.3 with Theorem 4.8, we get:
Ž .COROLLARY 4.9. i Let u be a classical moment functional satisfying0
Ž . Ž Ž . Ž . .u   u 0	 deg  	 2, deg   1 . Then0 0
1x  u , x  u  a x Ž . Ž . Ž . 41 0 2 0 2
is a 3-term coherent pair if
² : Ž1.P   0 and aQ   u ,  Q   0, n 0.Ž . Ž . Ž .n 1 n 2 0 n1 2
Ž . Ž .ii Let u be a strongly classical moment functional satisfying u 1 1
Ž Ž . Ž . .  u 0	 deg  	 2, deg   1 and w a classical moment functional1
with w u . Then1
x  x  w , u 4Ž . Ž .1 2 1
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is a 3-term coherent pair if
T   0 and S   0, n 1,Ž . Ž .n 1 n 2
 Ž .4  Ž .4 Ž .where S x and T x are the MOPSs relatie to w and x  w,n n0 n n0 2
respectiely.
5. ZEROS AND GENERALIZED FOURIER
SERIES COEFFICIENTS
Now assume u and u are two positive-definite moment functionals0 1
defined by
b² :u , x   x d x , i 0, 1,Ž . Ž . Ž .Hi i
a
where  and  are monotonic increasing functions with infinite set of0 1
 Ž .4points as support and finite moments of all orders. As before, let P xn n0
 Ž .4and R x be the MOPSs relative to u and u , respectively, satisfyingn n0 0 1
Ž . Ž .the three-term recurrence relations 3.1 and 3.2 .
 Ž.Ž .4Let P x be the monic Sobolev OPS relative to the Sobolev innern n0
product
² : ² : f , g  f , g   f , g  , 5.1Ž . Ž .0 1
where  0 and
b² : ² :f , g  u , fg  f x g x d x ,Ž . Ž . Ž .0 H0 0
a
b² : ² :f , g  u , fg  f x g x d x .Ž . Ž . Ž .1 H1 1
a
 4From now on, we assume that u , u is a generalized coherent pair.0 1
 Then, de Bruin and Meijer 4 proved the following:
Ž  .THEOREM 5.1 see 4, Theorem 4.1 . For any fixed n 3, we hae the
following:
Ž . Ž.Ž .i If   0, then for sufficiently large , P x has n real simplen2 n
Ž . Ž .zeros, interlacing with the zeros of P x and R x . At most two of then1 n1
Ž.Ž . Ž .zeros of P x are outside a, b ;n
Ž . Ž.Ž .ii If   0 and   0, then for sufficiently large , P x hasn2 n1 n
Ž . Ž . Ž .n real simple zeros, interlacing with the zeros of P x , P x , and R x .n n1 n1
Ž.Ž . Ž .At most one of the zeros of P x is outside a, b .n
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Hence, we are interested in generalized coherent pairs, where   0.n
1   Ž .4  Ž .4If P x is a classical OPS, then Q x with Q  P isn n0 n n0 n n1n 1
also a classical OPS satisfying
˜Q x  x b Q x  c Q x . 5.2Ž . Ž . Ž . Ž .˜Ž .n1 n n n n1
 Ž .4  Ž .4If R x is a strongly classical OPS, then T x with Rn n0 n n0 n
1  T is also a classical OPS satisfyingn1n 1
˜T x  x  T x   T x . 5.3Ž . Ž . Ž . Ž .˜Ž .n1 n n n n1
 4THEOREM 5.2. Let u , u be a generalized coherent pair.0 1
˜ ˜Ž . Ž .Ž .i If u is classical and     c  b     b  0˜0 1 1 1 2 1 0 0
Ž . Ž .resp.   0 , then   0 resp.,   0 for all n 1.1 n n
Ž .  Ž .4ii Assume that u is strongly classical. If T x is a positie-1 n n0
˜ ˜Ž .Ž . Ž .definite OPS and     c  b     b  0 resp.   0 ,˜ ˜ ˜0 1 1 2 1 0 0 0
Ž .then   0 resp.   0 for all n 1.n n
Ž .  Ž .4Proof. i If u is classical, then Q x is also a classical MOPS0 n n0
Ž . Ž .satisfying 5.2 . Then by 3.3 and Lemma 3.5 we have
n1
   , n 2,n n1 c˜n1
˜ ˜    c  b     b .˜ Ž . Ž .1 1 1 2 1 0 0
1Ž .   
 2 2 4For any f
W , , d , d  f f
 L , f 
 L , we can ex-2 0 1  0 1
pand f in a Fourier series for the monic Sobolev orthogonal polynomials
 Ž.Ž .4P x ,n n0
 fn Ž.f P x ,Ž .Ý nsnn0
Ž . Ž Ž.. Ž . Ž Ž. Ž..where f  f    f , P and s  s    P , P . We assumen n  n n n  n n
 4 Žthat u , u is a generalized coherent pair. Then it is easy to see see0 1
Ž .  .Eq. 5.3 in 4 that
P   P   P  P Ž.  a P Ž.  b P Ž. , n 0, 5.4Ž .˜ ˜n1 n n n1 n1 n1 n n n1 n1
n 1 n  2where    ,    , n 1,       a  b  b˜ ˜ ˜ ˜ ˜n n n n 0 1 0 0 1 0n n
Ž . Ž.Ž . P x  P x  0, and1 1
² Ž.: ² Ž.:a s   P , P   P , P , n 1,˜ ˜0 0n n n n n n1 n1 n
² Ž.:b s   P , P , n 1.˜ 0n n n n n
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Since
² Ž.: ² :P , P  P , P  p , n 00 0n n n n n
and
² Ž.: ² Ž. :P , P  P , a P   P  a   p ,Ž .˜ ˜0 0n1 n n1 n1 n1 n1 n1 n1 n1 n1
n 1,
a s   p   a   p , n 1 5.5Ž .Ž .˜ ˜ ˜n n n n n1 n1 n1 n1
and
b s   p , n 1. 5.6Ž .˜n n n n
 4 Ž .First, to evaluate s , we have by 5.4n
s   P Ž. , P Ž.   P Ž.  a P Ž.  b P Ž. , P Ž.Ž . Ž .n1  n1 n1  n1 n n n1 n1 n1
  P   P   P , P Ž. , n 0˜ ˜Ž . n1 n n n1 n1 n1
so that
s  p     a pŽ .˜ ˜n1 n1 n n n n
2    b  a a   p   n 1 r ,Ž .Ž .˜ ˜ ˜n1 n1 n1 n n1 n1 n1 n
n 0
with s  p .0 0
 4 Ž .Finally, to evaluate f , we have by 5.1n
² Ž.: ² Ž.:f  f , P   f , P , n 0. 5.8Ž .0 1n n n
 Ž .4  Ž .4Since P x is a positive-definite OPS, Q x is also a positive-n n0 n n0
definite OPS so that c  0 and   0 for all n 1. Hence we have then˜ n
result.
Ž .  Ž .4ii Assume that T x is a positive-definite classical MOPS. Then,n n0
Ž .by 3.3 and Lemma 3.5 we have
T x  P x   P x   P x , n 0Ž . Ž . Ž . Ž .˜ ˜n n n1 n1 n1 n2
P x  P x  0 ,Ž . Ž .Ž .1 2
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n 1 n  2˜where       0,     b ,    ,    , n˜ ˜ ˜ ˜ ˜ ˜1 2 1 0 0 0 n n n nn n
 1 so that
˜n2
   , n 1,˜ ˜n n1 cn
˜ ˜    c  b     b .˜ ˜ Ž . Ž .0 1 1 2 1 0 0
 Ž .4  Ž .4Since P x and T x are positive-definite OPSs, c  0 andn n0 n n0 n
  0 for all n 1. Hence we have the result.n˜
THEOREM 5.3. Let u , u , and u be positie-definite moment functionals0 1
 Ž .4  Ž .4as in Theorem 4.7. Let S x and T x be the MOPSs relatie ton n0 n n0
Ž .u and u, respectiely, satisfying the three-term recurrence relations 3.16 . If
 a b  0, then   0 for all n 1.1 1 2 n
Proof. By Theorem 4.7, we have
1 a  b a bn n n1 n  R  P  P  P , n 2n n1 n n1n 1 n n 1
 4so that  a b , n 1. Since u , u is a 2-term coherent pairn n n1 0
Ž .satisfying 4.17 , we have by Lemma 3.5
˜n1
a  a , n 1,˜ ˜n n1 cn
n 1 ˜  4where a  a , n 1, and a    b . Since u, u is also a 2-term˜ ˜n n 0 0 0 1n
Ž .coherent pair satisfying 4.18 and u is classical, we have by Lemma 3.5
n
b  b , n 2, and b     .n n1 1 0 0n1
Hence
n2  n˜1 n1
   , n 2.n n1n 1 n 1 c Ž . Ž . n n
Since u is positive-definite, u is also positive-definite so that c ,  ,  ,n n n
and  are all positive for n 1. Hence the conclusion follows.n˜
 In 9 , Iserles et al. found an efficient algorithm to evaluate the general-
 4ized Fourier coefficients when u , u is a coherent pair. Here, we con-0 1
 4sider the same problem when u , u is a generalized coherent pair.0 1
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Ž .By 5.4 , we have
² Ž. : ² :f , P  f , P   P   P˜ ˜0 0n1 n1 n n n1 n1
² Ž.: ² Ž. :a f , P  b f , P , n 0. 5.9Ž .0 0n n n1 n1
Ž . Ž. Ž. Ž. Ž . Ž .Since n 1 R  P  a P  b P , n 0 by 3.3 and 5.4 ,n n1 n n n1 n1
we also have
² Ž.: ² : ² Ž.: ² Ž.:f , P  n 1 f , R  a f , P  b f , P ,Ž .1 1 1 1n1 n n n n1 n1
n 0. 5.10Ž .
Ž . Ž . Ž .Hence by 5.8 , 5.9 , and 5.10 , we have
² :f  a f  b f  f , P   P   P˜ ˜ 0n1 n n n1 n1 n1 n n n1 n1
² : n 1 f , R , n 0 5.11Ž . Ž .1n
² :with f  f , 1 . Hence, to evaluate f , it is enough to evaluate00 n
Ž . ² : f , P   P   P , that is, f , P   P   P˜ ˜ ˜ ˜ 0 n1 n n n1 n1 n1 n n n1 n1
Ž .² : Ž .and n 1 f , R , and then use the recursion 5.11 .1n
 4  4Next we will describe the algorithm in order to compute a , b , andn n
 4s .n
STARTING DATA:
a  0 s  p  r b  00 1 1 0 0
Ž .STEP 1 FROM 5.6 AND s WE GET b1 1
Ž .FROM 5.5 AND s WE GET a1 1
Ž .USE 5.7 TO GET s FROM THE ABOVE2
INFORMATION
a s b1 2 1
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Ž .STEP 2 FROM 5.6 AND s WE GET b2 2
Ž .FROM 5.5 AND s WE GET a2 2
Ž .USE 5.7 TO GET S FROM THE ABOVE3
INFORMATION
a s b2 3 2
...
Ž .STEP n FROM 5.6 AND s WE GET bn n
Ž .FROM 5.5 AND s WE GET an N
Ž .USE 5.7 TO GET s FROM THE ABOVEn1
INFORMATION
Ž .On the other hand, from 5.11 for n 0
f  a f  b f  d   d   d   n 1 e ,Ž .˜ ˜n1 n n n1 n1 n1 n n n1 n1 n
5.12Ž .
² : ² :where d  f , P and r  f , R . This means that we need initial0 1n n n n
² : ² Ž.: ² :conditions f  f , 1 , f  f , P  f , P  d  e . Of course,00 1 1 1 1 0
Ž .all the other elements which are involved in 5.12 are known in every step.
Note that we do not need to find the explicit expression of the Sobolev
orthogonal polynomials P Ž. in the above computation.n
ACKNOWLEDGMENTS
Ž . Ž .The first author K.H.K. and the second author J.H.L. were partially supported by
Ž . Ž .KOSEF 98-6701-03-01-5 and BK-21 project. The third author F.M. was partially supported
Ž .by Direccion General de Ensenanza Superior DGES of Spain under Grant PB 96-0120-C03-´ ˜
01 and INTAS project INTAS93 0219-Ext. The authors thank the referee for hisher useful
comments and suggestions in order to improve the results of the manuscript.
REFERENCES
1. S. Belmehdi, On the left multiplication of a regular linear functional by a polynomial, in
Ž .‘‘Orthogonal Polynomials and Their Applications’’ C. Brezinski et al., Eds. , pp. 169176,
IMACS, 1991.
¨ Ž .2. S. Bochner, Uber SturmLiouvillesche Polynomsystem, Math. Z. 89 1929 , 730736.
3. A. Branquinho and F. Marcellan, Generating new classes of orthogonal polynomials,´
Ž .Internat. J. Math. Math. Sci. 19 1996 , 643656.
KWON, LEE, AND MARCELLAN´514
4. M. G. de Bruin and H. G. Meijer, Zeros of orthogonal polynomials in a non-discrete
Ž .Sobolev space, Ann. Numer. Math. 2 1995 , 233246.
Ž .5. T. S. Chihara, On co-recursive orthogonal polynomials, Proc. Amer. Math. Soc. 8 1957 ,
899905.
6. T. S. Chihara, ‘‘An Introduction to Orthogonal Polynomials,’’ Gordon & Breach, New
York, 1978.
7. N. Draıdi and P. Maroni, Sur l’adjonction de deux masses de Dirac a une forme reguliere¨ ` ´ `
Žquelconque, in ‘‘Polinomios Ortogonales y Sus Aplicaciones’’ A. Cachafeiro and E.
.Godoy, Eds. , pp. 8390, Univ. de Vigo, 1989.
¨8. W. Hahn, Uber die Jacobischen Polynome und zwei verwandte Polynomklassen, Math. Z.
Ž .39 1939 , 634638.
9. A. Iserles, P. E. Koch, S. P. Nørsett, and J. M. Sanz-Serna, On polynomials orthogonal
Ž .with respect to certain Sobolev inner products, J. Approx. Theory 65 1991 , 151175.
10. D. H. Kim and K. H. Kwon, On a conjecture by Karlin and Szego, Proc. Amer. Math.¨
Ž .Soc. 124 1996 , 227231.
Ž .Ž . 11. T. H. Koornwinder, Orthogonal polynomials with weight function 1 x 1 x 
Ž . Ž . Ž .M x 1 N x 1 , Canad. Math. Bull. 27 1984 , 205214.
12. K. H. Kwon, D. W. Lee, F. Marcellan, and S. B. Park, On kernel polynomials and self´
perturbation of orthogonal polynomials, Ann. Mat. Pura Appl., in press.
13. K. H. Kwon, J. K. Lee, and B. H. Yoo, Characterizations of classical orthogonal
Ž .polynomials, Results Math. 24 1993 , 119128.
14. K. H. Kwon and L. L. Littlejohn, Classification of classical orthogonal polynomials,
Ž .J. Korean Math. Soc. 34 1997 , 9731008.
15. K. H. Kwon and S. B. Park, Two point masses perturbation of regular moment function-
Ž . Ž .als, Indag. Math. N.S. 8 1997 , 7993.
16. F. Marcellan, A. Branquinho, and J. C. Petronilho, Classical orthogonal polynomials: A´
Ž .functional approach, Acta Appl. Math. 33 1993 , 123.
17. F. Marcellan and P. Maroni, Sur l’adjonction d’une masse de Dirac a une forme reguliere´ ` ´ `
Ž .et semi-classique, Ann. Mat. Pura Appl. 162 1992 , 122.
18. F. Marcellan, A. Martinez-Finkelshtein, and J. J. Moreno-Balcazar, Asymptotics of´ ´
Sobolev orthogonal polynomials with non-classical weights, submitted for publication.
19. F. Marcellan, T. E. Perez, and M. A. Pinar, Orthogonal polynomials on weighted Sobolev´ ´ ˜
Ž .spaces: The semiclassical case, Ann. Numer. Math. 2 1995 , 93122.
20. F. Marcellan and J. C. Petronilho, Orthogonal polynomials and coherent pairs: The´
Ž . Ž .classical case, Indag. Math. N.S. 6 1995 , 287307.
21. F. Marcellan, J. C. Petronilho, T. E. Perez, and M. A. Pinar, What is beyond coherent´ ´ ˜
Ž .pairs of orthogonal polynomials? J. Comput. Appl. Math. 65 1995 , 267277.
22. P. Maroni, Prolegomenes a l’etude des polynomes orthogonaux semi-classiques, Ann.´ ` ` ´ ˆ
Ž .Mat. Pura Appl. 149 1987 , 165184.
Ž .23. P. Maroni, Sur la suite de polynomes orthogonaux associee a la forme u  x c ´ ´ `
Ž .1 Ž . x c L, Period. Math. Hungar. 21 1990 , 223248.
Ž .24. H. G. Meijer, Determination of all coherent pairs, J. Approx. Theory 89 1997 , 321343.
25. H. G. Meijer, Coherent pairs and zeros of Sobolev-type orthogonal polynomials, Indag.
Ž . Ž .Math. N.S. 4 1993 , 163176.
26. K. Pan, On Sobolev orthogonal polynomials with coherent pairs: The Jacobi case, J.
Ž .Comput. Appl. Math. 79 1997 , 249262.
27. T. E. Perez, ‘‘Polinomios ortogonales respecto a productos de Sobolev: El caso continuo,’’´
 Doctoral Dissertation, Universidad de Granada, 1994. In Spanish
28. G. Szego, ‘‘Orthogonal Polynomials,’’ 4th ed., Amer. Math. Soc. Colloq. Publ., Vol. 23,¨
Amer. Math. Soc., Providence, RI, 1975.
